A new class of functions called 'R δ -supercontinuous functions' is introduced. Their basic properties are studied and their place in the hierarchy of strong variants of continuity which already exist in the literature is elaborated. The class of R δ -supercontinuous functions (Math. Bohem., to appear) properly contains the class of Rz-supercontinuous functions which in its turn properly contains the class of R clsupercontinuous functions (Demonstratio Math. 46(1) (2013), 229-244) and so includes all cl-supercontinuous ("clopen continuous) functions
Introduction
The concept of continuity is of utmost importance in mathematics and pervades almost all subdisciplines of mathematics and applications of mathematics. Several strong forms of continuity arise in diverse situations in mathematics and applications of mathematics and have been defined and studied by host of authors. For example, see ([11, 12, 16, 17, 22, 23, 25, 26, 28, 29] ). In this paper, we introduce one such strong form of continuity called 'R δ -supercontinuity' and study its basic properties. We elaborate upon the interrelations and interconnections of 'R δ -supercontinuity' with other strong variants of continuity that already exist in the mathematical literature.
The organization of the paper is as follows: Section 2 is devoted to preliminaries and basic definitions. In Section 3, we introduce the notion of 'R δ -supercontinuous function' and elaborate upon its place in the hierarchy of strong variants of continuity which already exist in the literature. Section 4 is devoted to the study of basic properties of R δ -supercontinuous functions and in Section 5, we discuss the interplay between topological properties and R δ -supercontinuous functions. In Section 6, we study the properties of graphs of R δ -supercontinuous functions. The notion of r δ -quotient topology is introduced and its interrelations with other variants of quotient topology which already exist in the mathematical literature are discussed in Section 7. In Section 8, we apply the technique of change of topology to retopologize the domain of an R δ -supercontinuous function such that it is simply a continuous function and conclude with alternative proofs of certain results of the preceding sections.
Basic definitions and preliminaries
An open set U of a space X is said to be F -open [16] (r-open [17] ) if for each x P U there exists a zero(closed) set Z in X such that x P Z Ă U , equivalently if U is expressible as a union of zero (closed) sets in X. A subset A of a space X is said to be regular open if it is the interior of its closure, i.e. A " A o . The complement of a regular open set is referred to as regular closed. Any intersection of regular closed (respectively zero, respectively clopen) sets is called δ-closed [36] (respectively z-closed [11] , respectively cl-closed [29]) set. An open set U in X is said to be r z -open [30] (respectively r cl -open [34] ) if for each x P U there exists a z-closed (respectively cl-closed) set A containing x such that A Ă U , equivalently U is expressible as a union of z-closed (respectively cl-closed) sets. An open subset U of a space X is said to be r θ -open [18] if for each x P U there exists a θ-closed set C x such that x P C x Ă U , i.e. U is expressible as a union of θ-closed sets. A subset H of a space X is called a regular G δ -set [21] if H is the intersection of a sequence of closed sets whose interiors contain H, i.e. H "
where each F n is a closed subset of X. The complement of a regular G δ -set is called a regular F σ -set.
Next, we include definitions of those strong variants of continuity which exist in the literature and are related to the theme of the present paper.
Definitions 2.1. A function f : X Ñ Y from a topological space X into a topological space Y is said to be (a) strongly continuous [22] if f pAq Ă f pAq for each subset A of X. (b) perfectly continuous ( [19, 25] ) if f´1pV q is clopen in X for every open set V Ă Y . (c) cl-supercontinuous [29] (" clopen continuous [26] ) if for each x P X and each open set V containing f pxq, there is a clopen set U containing x such that f pU q Ă V . (d) z-supercontinuous [11] (D δ -supercontinuous [12] ) if for each x P X
and for each open set V containing f pxq, there exists a cozero (regular F σ ) set U containing x such that f pU q Ă V .
(e) stronglyθ-continuous [24] (ii) δT 1 -space [13] ˚if for every pair of distinct points x and y in X, there exist regular open sets U and V in X such that x P U , y R U and y P V , x R V . (iii) δT 0 -space ( [13, 14] ) if for every pair of distinct points x and y in X, there exists a regular open set containing one of the points x and y but not both. [3] ; if x, y P X, x R tyu, then x and y are contained in disjoint open sets.
It is easily verified that a space X is a weakly Hausdorff space if and only if it is a δT 1 -space.
R δ -supercontinuous functions
Let X be a topological space. An open subset U of a space X is called r δ -open if for each x P U , there exists a δ-closed set C x such that x P C x Ă U , δT1-spaces are referred to as rT1-spaces by Ekici in [4] . : Earlier R0-spaces were defined by Shanin [27] and rediscovered by Vaidyanathswamy who called them Π1-spaces (see [35] , p. 98) and later on by Davis [3] .
; In his studies on paracompactness, Yang [37] defined R1-spaces who called them 'T equivalently U is expressible as a union of δ-closed sets. The complement of an r δ -open set will be referred to as r δ -closed.
The following implications are immediate from definitions. Simple examples can be given to show that none of the above implications is reversible in general.
Definition 3.1. A function f : X Ñ Y from a topological space X into topological space Y is said to be R δ -supercontinuous at a point x P X, if for each open set V containing f pxq there exists an r δ -open set U containing x such that f pU q Ă V . The function f is said to be R δ -supercontinuous, if it is R δ -supercontinuous at each x P X. However, none of the above implications in general is reversible, which is either well known (see [11, 16, 17, 29] ) or follows from the following observations and examples.
The space X in the following example is due to T. Soundararajan (see [32] , Proposition 2.1).
Example 3.4. Let X " r0, 1s Y r2, 3s Y A, where A is a countably infinite set disjoint from r0, 1s and r2, 3s. Every element of A is isolated. Each element of r0, 1q Y p2, 3s has a base of usual euclidean neighbourhoods. A set G containing 1 is a neighbourhood of 1 provided it contains some p , 1s, 0 ă ă 1, and all but finitely many elements of A. Similarly, a set containing 2 is a neighbourhood of 2 if it contains some r2, 1 q, 2 ă 1 ă 3 and all but finitely many elements of A. The space X is a non-Hausdorff, weakly Hausdorff space and hence an R δ -space which is not an R 1 -space. The identity function 1 X defined on X is an R δ -supercontinuous function but it is not R θ -supercontinuous.
Example 3.5. Let X " Y " R be the real line equipped with cofinite topology or cocountable topology and let f : X Ñ Y denote the identity function defined on X. Then f is an R-supercontinuous function which is not R δ -supercontinuous.
Basic properties of R δ -supercontinuous functions
Definition 4.1. Let X be a topological space and let A Ă X. A point x P X is said to be an r δ -adherent point of A if every r δ -open set containing x intersects A. Let A r δ denote the set of all r δ -adherent points of the set A. It follows that A Ă A r δ and the set A is r δ -closed if and only if A " A r δ . 
Proof. Easy.
Theorem 4.4. If f : X Ñ Y is an R δ -supercontinuous function and g : Y Ñ Z is a continuous function, then their composition g˝f is R δ -supercontinuous. In particular, the composition of two R δ -supercontinuous functions is R δ -supercontinuous.
However, reverse implications are not true in general as is well exhibited by the following example.
Example 4.6. Let X " Y " R. Let X be endowed with right ray topology [33] and Y be equipped with indiscrete topology. Then the identity function f from X onto Y is a continuous, R δ -open as well as R δ -closed function but it is neither open nor closed.
Proof. Sufficiency is immediate in view of Theorem 4.4. To prove necessity, suppose that g˝f is R δ -supercontinuous and let A subset Y of a space X is said to be δ-embedded ( [13, 14] (c) Let F be any closed subset of Y . Then f´1pF q " Ť n i"1 f´1 i pF q. Since each f i is R δ -supercontinuous, f´1 i pF q is r δ -closed in F i . Again since each F i is δ-embedded in X, by Lemma 4.8, each f´1 i pF q is r δ -closed in X and so f´1pF q is r δ -closed in X.
The following result shows that R δ -supercontinuity is preserved under the shrinking of its range. Theorem 4.10. Let f : X Ñ Y be R δ -supercontinuous and f pXq be endowed with the subspace topology. Then f : X Ñ f pXq is R δ -supercontinuous.
It is easily verified that R δ -supercontinuity is stable under expansion of its range. 
Theorem 4.12. Let f : X Ñ Y be any function and g : X Ñ XˆY be the graph function defined by gpxq " px, f pxqq for each x P X. Then g is R δ -supercontinuous if and only if f is R δ -supercontinuous and X is an R δ -space.
Proof. Note that g " 1 Xˆf , where 1 X denotes the identity function defined on X. By Theorem 4.11, g is R δ -supercontinuous if and only if 1 X and f both are R δ -supercontinuous. Now R δ -supercontinuity of 1 X implies that every open set in X is r δ -open and so X is an R δ -space.
Remark 4.13. The hypothesis of 'R δ -space' in Theorem 4.12 cannot be omitted. For let X " R be the real line with the right ray topology [33] and Y be the real line with indiscrete topology. Let f : X Ñ Y be any function. Clearly f is R δ -supercontinuous but the graph function g : X Ñ XˆY is not R δ -supercontinuous.
Theorem 4.14. Let f : ś αPΛ X α Ñ ś αPΛ Y α be a mapping defined by f ppx α" pf α px α qq, where f α : X α Ñ Y α for each α P Λ. Then f is R δ -supercontinuous if and only if each f α is R δ -supercontinuous.
Proof. To prove necessity, let V β be any open set in Y β . Then π´1 β pV β q " V βˆś α‰β Y α is a subbasic open set in ś αPΛ Y α . Now since f is R δ -supercontinuous, f´1pπ´1 β pV β" f´1 β pV β qˆ`ś α‰β X α˘i s an r δ -open set in ś αPΛ X α . Thus f´1 β pV β q is an r δ -open set in X β and hence f β is R δ -supercontinuous.
Conversely, let V " V βˆś α‰β Y α be a subbasic open set in the product space ś Y α . Then f´1pV q " f´1`V βˆś α‰β Y α˘" f´1 β pV β qˆś α‰β X α . Since each f β is R δ -supercontinuous, f´1 β pV β q is an r δ -open subset of X β and so f´1pV q is an r δ -open subset of ś αPΛ X α and hence f is R δ -supercontinuous.
Theorem 4.15. Let f, g : X Ñ Y be R δ -supercontinuous functions from a topological space X into a Hausdorff space Y . Then the equalizer E " tx P X : f pxq " gpxqu of the functions f and g is an r δ -closed subset of X.
We omit simple proof of Theorem 4.15. Proof. Let U be an open set in X and let x P U . Then f pU q is an open subset of Y containing f pxq. Since f is R δ -supercontinuous, there exists an r δ -open set G containing x such that f pGq Ă f pU q. Now, x P f´1pf pGqq Ă f´1pf pU qq. Again since f is a bijection, f´1pf pGqq " G and f´1pf pU" U . Thus U , being expressible as a union of r δ -open sets, is r δ -open and hence X is an R δ -space. Since f is a homeomorphism and since the property of being an R δ -space is a topological property, Y is an R δ -space which is homeomorphic to X.
Topological properties and R δ -supercontinuity
Then X is a weakly Hausdorff space.
Proof. Let x, y P X, x ‰ y. Then f pxq ‰ f pyq. Since Y is a T 1 -space, there exist open sets W 1 and W 2 such that f pxq P W 1 , f pyq R W 1 and f pyq P W 2 , f pxq R W 2 . Then f´1pW 1 q and f´1pW 2 q are r δ -open sets containing x and y, respectively such that y R f´1pW 1 q and x R f´1pW 2 q. So there exist δ-closed sets C x and C y containing x and y, respectively, such that C x Ă f´1pW 1 q and C y Ă f´1pW 2 q. Let C x " Ş αPΛ C αx and C y " Ş γPΓ C γy , where each C αx and each C γy are regular closed sets. Hence, there exist α˝P Λ and γ˝P Γ such that y R C α˝x and x R C γ˝y . Then XzC α˝x , XzC γ˝y are regular open sets such that y P XzC α˝x , x R XzC α˝x and x P XzC γ˝y , y R XzC γ˝y . Thus X is a δT 1 -space, i.e., a weakly Hausdorff space. Proof. Let B be a closed subset of Y and let y R B. Then f´1pyq is a singleton and f´1pyq R f´1pBq. Since f is R δ -supercontinuous, by Theorem 4.3(iii) f´1pBq is an r δ -closed subset of X. In view of r δ -regularity of X, there exist disjoint open sets G 1 and G 2 containing f´1pyq and f´1pBq, § Properties of (completely) rδ-regular spaces can be inferred directly by substituting for P the property of being rσ-closed in the relevant results of (J. K. Kohli, A unified view of (complete) regularity and certain variants of (complete) regularity, Cand. J. Math. 36 (1984) , 783-794).
respectively. Since f is an open bijection, f pG 1 q and f pG 2 q are disjoint open sets containing y and B, respectively and so Y is regular space. Since f is a homeomorphism and since regularity is a topological property, X is also a regular space.
Definition 5.6. A bijection f : X Ñ Y is said to be an R δ -homeomorphism if both f and f´1 are R δ -supercontinuous.
Theorem 5.7. Let f : X Ñ Y be an R δ -homeomorphism from an r δ -completely regular space X onto Y . Then X and Y are homeomorphic completely regular spaces.
Proof. Since f is a homeomorphism, it suffices to prove that Y is a completely regular space. To this end, let F be a closed subset of Y and y R F . Then x " f´1pyq is a singleton and x does not belong to the r δ -closed set f´1pF q. Since X is an r δ -completely regular space, there exists a continuous function h : X Ñ r0, 1s such that hpxq " 0 and hpf´1pF"
Since f is a homeomorphism, g is a well defined continuous function from Y into r0, 1s. Moreover, gpyq " 0 and gpF q " 1. Thus Y is a completely regular space. This completes the proof.
Properties of graph of an R δ -supercontinuous function
Definition 6.1. The graph Gpf q of a function f : X Ñ Y is said to be r δ -closed with respect to X if for each px, yq R Gpf q, there exist open sets U and V containing x and y, respectively, such that U is r δ -open and pUˆV q X Gpf q " ∅.
Theorem 6.2. If f : X Ñ Y is an R δ -supercontinuous function and Y is Hausdorff, then the graph of f is r δ -closed with respect to X.
Proof. Let x P X and let y ‰ f pxq. Since Y is Hausdorff, there exist disjoint open sets V and W containing y and f pxq, respectively. Again, since f is R δ -supercontinuous, there exists an r δ -open set U containing x such that f pU q Ă W Ă Y zV and so pUˆV q X Gpf q " ∅. Consequently, Gpf q is r δ -closed with respect to X.
Theorem 6.3. Let f : X Ñ Y be an injection such that its graph is r δ -closed with respect to X. Then X is a δT 0 -space.
Proof. Let x, y P X, x ‰ y. Since f is an injection px, f pyqq R Gpf q. Again since the graph is r δ -closed with respect to X, there exist open sets U and V containing x and f pyq, respectively, such that U is r δ -open and pUˆV q X Gpf q " ∅. Since U is r δ -open, U " Ť tC α : α P Λu, where each C α is a δ-closed set in X. Then x R XzU " Ş tXzC α : α P Λu. Thus there exists a β P Λ such that x R XzC β . Let C β " Ş γPΓ C βγ , where each C βγ is a regular closed set in X. Then XzC β " Ť γPΓ pXzC βγ q. So there exists γ˝P Γ such that x P C βγ˝a nd y R C βγ˝. So XzC βγ˝i s a regular open set containing y but not x. Thus X is a δT 0 -space. Theorem 6.4. Let f : X Ñ Y be a function such that its graph Gpf q is r δ -closed with respect to X. Then f´1pKq is r δ -closed in X for every compact subset K of X.
Proof. Suppose x R f´1pKq. Then for each y P K, px, yq R Gpf q. Since the graph Gpf q is r δ -closed with respect to X, there exist an r δ -open set U y containing x and an open set V y containing y such that pU yˆVy q X Gpf q " ∅. The collection tV y : y P Ku is an open cover of the compact set K. So there exist finitely many y 1 , . . . ,
Since the finite intersection of r δ -open sets is r δ -open and f pU q X K " ∅. Thus U Ă Xzf´1pKq. So Xzf´1pKq being the union of r δ -open sets is r δ -open and so f´1pKq is r δ -closed.
7. r δ -quotient topology and r δ -quotient spaces Several variants of quotient topology occur in the lore of mathematical literature (see [16, 17, 20] ). In this section, we introduce a new variant of quotient topology called 'r δ -quotient topology' which strictly lies between r z -quotient topology [30] and r-quotient topology [17] . The following diagram gives a quick comparison among variants of quotient topologies defined in Definitions 7.1. For a detailed survey of variants of quotient topologies in the literature, we refer the interested reader to ( [17, 20] ). However, none of the above inclusions is reversible in general as is shown by examples in ( [17, 20, 34] ) and the following example.
Example 7.2. Let X " Y be the set of natural numbers and X be endowed with the cofinite topology τ c . Let f denote the identity function defined on X. Then r-quotient topology on Y is identical with τ c , while cl-quotient topology = r cl -quotient topology = r z -quotient topology = z-quotient topology = indiscrete topology. Theorem 7.3. Let p : pX, τ 1 q Ñ pX, τ 2 q be the surjection, where τ 2 is the r δ -quotient topology on Y . Then p is R δ -supercontinuous. Moreover, τ 2 is the largest topology on Y which makes p : pX, τ 1 q Ñ Y R δ -supercontinuous.
The following result shows that a function out of r δ -quotient space is continuous if and only if its composition with r δ -quotient map is R δ -supercontinuous. 
Change of topology and R δ -supercontinuous functions
The technique of change of topology of a space is of considerable significance and prevalant throughout mathematics. It is widely used in topology, functional analysis and several other branches of mathematics. For example, weak and weak˚topologies of a Banach space, weak and strong operator topologies on BpHq the space of operators on a Hilbert space, the hull kernel topology and the multitude of other topologies on IdpAq, the space of all closed two sided ideals of a Banach algebra A ([1, 2, 31] ). Furthermore, to taste the flavour of applications of the technique in topology see ( [5, 6, 10, 17, 29, 38] ).
Here we restrict ourselves to the retopologization of the domain of an R δ -supercontinuous function such that it is simply a continuous function. This leads to alternative proofs of certain results of preceding sections. Let pX, τ q be a topological space and let B r δ denote the collection of all r δ -open subsets of pX, τ q. Since arbitrary union and finite intersection of r δ -open sets is r δ -open, the collection B r δ is indeed a topology on X, which we denote by τ r δ . Then τ r δ Ă τ . (i) pX, τ q is an R δ -space.
(ii) Every continuous function from pX, τ q into a space pY, νq is R δ -supercontinuous.
Proof. (i)ñ(ii) is trivial.
(ii)ñ(i). Take pY, νq " pX, τ q. Then identity function 1 X on X is continuous. So by Theorem 8.1, the identity function 1 X : pX, τ r δ q Ñ pX, τ q is continuous. Since U P τ implies 1´1 X pU q " U P τ r δ , therefore τ Ă τ r δ . Hence, it follows that τ " τ r δ and thus pX, τ q is an R δ -space.
Theorem 8.4. The product of any family tX α : α P Λu of R δ -spaces is an R δ -space.
Proof. Let X " ś X α . In order to show that X is an R δ -space, in view of Theorem 8.3, it is sufficient to prove that every continuous function f : X Ñ Y is R δ -supercontinuous. Let Y " ś Y α with product topology and define f : X Ñ Y as f ppx α" pf α px α qq, where f α : X α Ñ Y α for each α P Λ. Since f is continuous, each f α is also continuous. Moreover, since each X α is an R δ -space, by Theorem 8.3, each f α is R δ -supercontinuous. Thus in view of Theorem 4.14, f : X Ñ Y is R δ -supercontinuous. Hence X is an R δ -space. Definition 8.5. A function f : X Ñ Y from a topological space X into a topological space Y is said to be R δ -continuous at x P X if for each r δ -open set V containing f pxq, there exists an open set U containing x such that f pU q Ă V . The function f is said to be R δ -continuous if it is R δ -continuous at each x P X. Theorem 8.6. For a function f : pX, τ q Ñ pY, νq, the following statements are true. Further, r δ -quotient topology on Y , determined by the function f : pX, τ q Ñ Y in Section 7, is identical with the standard quotient topology on Y determined by f : pX, τ r δ q Ñ Y .
For the interested reader, we point out that the properties of R δ -continuous functions can be inferred directly by simply substituting for P , the property of being an r δ -closed set in the relevant results pertaining to P -continuous functions and P˚-continuous functions in ( [7] [8] [9] ).
